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ABSTRACT
Generalized frequency division multiplexing (GFDM) is a
promising candidate waveform for next-generation wireless
communication systems. However, GFDM channel estima-
tion is still challenging due to the inherent interference. In
this paper, we formulate a pilot design framework with linear
minimum mean square error (LMMSE) channel estimation
for GFDM, and propose a novel pilot design to achieve inter-
ference precancellation during pilot generation with the fixed
transmit sample values at selected frequency bins. Numer-
ical results demonstrate that the proposed method reduces
the channel estimation mean square error and the symbol
error rate (SER) in high signal-to-noise ratio (SNR) regions,
compared with the conventional methods.
Index Terms— Generalized frequency division multi-
plexing (GFDM), linear minimum mean square error (LMMSE)
channel estimation, pilot design, symbol error rate (SER)
1. INTRODUCTION
Generalized frequency division multiplexing (GFDM), con-
sidered as a candidate waveform for next-generation wireless
communication systems, features several advantages such as
low out-of-band (OOB) emissions and relaxed requirements
of time and frequency synchronizations [1]. However, unlike
traditional OFDM, which is free from interference, GFDM
suffers from the inherent inter-subsymbol interference (ISI)
and potential inter-subcarrier interference (ICI), and thus
the channel estimation is crucial but rather challenging for
GFDM.
To further improve the channel estimation performance,
several methods have been proposed. In [2, 3], the waveform
and structure of GFDM have been modified for better accu-
racy of channel estimation, resulting in the prototype filters
for data symbols in pilot subcarriers not satisfying the or-
thogonality condition. Moreover, the technique of orthogonal
match pursuit (OMP) is adopted in [4]. However, the iterative
method proposed in [4] might cause a severe latency to the
system, which is against the requirements of next-generation
wireless communication systems.
In addition to the above methods, the linear channel esti-
mation has been widely studied. The matched filter (MF) has
been employed in [5, 6], but this approach is based on the as-
sumption of nearly flat and slow fading channels, which are
unrealistic in broadband communication. On the other hand,
the least square (LS) and linear minimum mean square error
(LMMSE) estimation have been adopted in [7–9]. Though
these methods do not require any additional assumption, they
suffer from estimation performance degradation due to the in-
herent interference in GFDM.
Despite the importance of pilot design for channel esti-
mation, it is less studied in the GFDM scenario. In [10], the
concept of in-phase and quadrature (IQ) imbalance compen-
sation is adopted for pilot generation. Furthermore, the car-
rier frequency offset (CFO) estimation is considered for pilot
design in [11]. However, these schemes assume a perfect in-
terference cancellation, which is rather unrealistic.
In this paper, we formulate a pilot design framework and
its corresponding LMMSE channel estimator for GFDM.
With the framework, we propose a novel pilot design for
interference precancellation during pilot generation to im-
prove GFDM’s LMMSE channel estimation accuracy, which
is much closer to that of OFDM, compared with previous
methods [7–9].
The remainder of this paper is organized as follows. Sec-
tion 2 describes the GFDM system model. In Section 3, we
first introduce the mathematical expressions of pilot design
and corresponding LMMSE channel estimation, and then
present the proposed method. Simulation results and discus-
sions are provided in Section 4. Finally, Section 5 concludes
the paper.
Notations: Boldfaced capital and lowercase letters denote
matrices and column vectors, respectively. We use E{·} and
〈.〉D to denote the expectation operator and modulo D, re-
spectively. For any set A, we use |A| to denote its cardinal-
ity. We adopt the MATLAB subscripts : and a : b to denote
all elements and the elements ordered from a to b, respec-
tively, of the subscripted objects. Given a vector u, we use
[u]n to denote the nth component of u, ‖u‖ the `2-norm of
u, and diag(u) the diagonal matrix containing u on its di-
agonal. Given a matrix A, we denote [A]m,n, tr(A), AT ,
A∗, and AH its (m, n)th entry (zero-based indexing), trace,
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transpose, complex conjugate, and Hermitian transpose, re-
spectively. We define Iq to be the q × q identity matrix,
0q the q × 1 zero vector, and Wq the normalized q-point
discrete Fourier transform (DFT) matrix with [Wq]m,n =
e−j2pimn/q/
√
q, q ∈ N.
2. GFDM SYSTEMMODEL
System Model
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Fig. 1. GFDM system model with channel estimation (“r/m”
stands for “remove”.)
GFDM is a block-based communication scheme as shown
in Fig. 1 [1, 12]. Each GFDM block employs K subcarriers,
with each transmitting M complex-valued subsymbols. So, a
total of D = KM symbols are transmitted in a block. Let
dl ∈ CD be the lth GFDM block, whose mth subsymbol on
the kth subcarrier is denoted as [dl]k+mK , m = 0, 1, ...,M −
1, k = 0, 1, ...,K − 1.
Each symbol [dl]k+mK is pulse-shaped by a vector gk,m,
whose nth entry is [gk,m]n = [g]〈n−mK〉De
j2pikn/K , n =
0, 1, ..., D − 1, m = 0, 1, ...,M − 1, k = 0, 1, ...,K − 1,
where g ∈ CD is called the prototype filter [1]. Let
A = [g0,0...gK−1,0 g0,1...gK−1,1...gK−1,M−1] (1)
be the GFDM transmitter matrix [1] and xl = Adl be the
transmit sample vector, whose nth entry, for n = 0, 1, ..., D−
1, is
[xl]n =
K−1∑
k=0
M−1∑
m=0
[dl]k+mK [g]〈n−mK〉De
j2pikn/K . (2)
Subsequently, the vector xl is passed through parallel-to-
serial (P/S) conversion, and a cyclic prefix (CP) of length L
is further added. Denote the set of subcarrier indices and
set of subsymbol indices that are actually employed as K ⊆
{0, 1, ...,K − 1} and M ⊆ {0, 1, ...,M − 1}, respectively.
The digital baseband transmit signal of GFDM can be ex-
pressed as [12]
x[n] =
∞∑
l=−∞
∑
k∈K
∑
m∈M
[dl]k+mKgm[n− lD′]ej2pik(n−lD
′)/K , (3)
where D′ = D + L and
gm[n] =
{
[g]〈n−mK−L〉D , n = 0, 1, ..., D
′ − 1
0, otherwise
. (4)
For notational brevity, we omit the subscript l as in xl and dl
hereafter.
As shown in Fig. 1, the received signal after transmission
through a wireless channel can be modeled as a linear time-
invariant (LTI) system y[n] = h[n]∗x[n]+w[n], where h[n] is
the channel impulse response, and w[n] is the complex addi-
tive white Gaussian noise (AWGN) with varianceN0. We de-
note w = [w[0]w[1]...w[D− 1]]T and h = [h[0]h[1]...h[N −
1]]T , where N − 1 is the channel order, as the vector forms of
complex AWGN and channel impulse response, respectively.
Note that h =
√
diag(p)q ∈ CN , where p ∈ CN is the
power delay profile (PDP) and q ∈ CN is a vector of inde-
pendently and identically distributed (i.i.d.) standard normal
random variables, with the assumption that the channel order
N − 1 does not exceed the CP length L. After CP removal
and serial-to-parallel (S/P) conversion, the received samples
are [1]
y = Hx+w = HAd+w =WHDdiag(WDAd)FNh+w, (5)
where FN = [
√
DWD]:,1:N , and H ∈ CD×D is the circulant
matrix whose first column is [hT 0TD−N ]
T .
To obtain the channel state information (CSI), several
spaces in the GFDM block d are reserved for the pilot vector
dp through pilot insertion, and the rest of spaces in d are
employed to transmit the data vector dd. The channel estima-
tion is performed upon the arrival of the received samples y,
leading to the reconstructed data vector dˆd, as shown in Fig.
1.
3. PROPOSED METHOD
In this section, the issue of pilot design for LMMSE channel
estimation of GFDM systems is considered. Due to the inher-
ent interference in GFDM, the performance of LMMSE chan-
nel estimation in existing literature [7–9] suffers from severe
degradation, especially at high signal-to-noise ratio (SNR),
due to the lack of interference precancellation in pilot design.
To tackle this problem, we will first introduce the mathemat-
ical formulation regarding pilot design and LMMSE channel
estimation, and then illustrate the proposed method.
3.1. Pilot Design and LMMSE Channel Estimation
In order to achieve the channel estimation at the receiver, the
GFDM block d is generated from two subvectors, the pilot
vector dp ∈ Cp and the data vector dd ∈ CD−p, as shown in
Fig. 2, where p ∈ N denotes the number of pilots in a block.
Accordingly, the GFDM block d can be expressed as
d = [P1 P2]︸ ︷︷ ︸
P
[
dp
dd
]
, (6)
where P is aD×D permutation matrix, and P1 ∈ CD×p and
P2 ∈ CD×(D−p) are submatrices of P. In addition, given
Fig. 2. Pilot insertion and frequency bin deployment, with
green solid circles denoting the elements in dp, yellow solid
circles the elements in dd, red solid circles and squares the
chosen frequency bins of xf and yf , orange circles and
squares the rest of frequency bins of xf and yf , where yf =
diag(FNh)xf+WDw, and the relationship between xf and
yf benefiting the frequency-domain channel estimation
a reference sequence dr ∈ Cp, the GFDM block d can be
represented as a linear transformation of dr and dd, i.e.,
d = Sdr + Tdd, (7)
where S ∈ CD×p and T ∈ CD×(D−p) are the corresponding
linear coefficient matrices of dr and dd, respectively. Assume
that dr and dd are independent, and the symbols in dd are
zero-mean and i.i.d. with symbol energy Es, i.e., E{ddH} =
SE{drdHr }SH + ESTTH . With different choices of S and
T, the pilot vector dp in (6) is accordingly modified. Based
on this pilot design framework, different pilots can be gen-
erated in order to meet specific requirements. In the follow-
ing theorem, we derive the LMMSE channel estimation cor-
responding to the pilot design framework.
Theorem 1. Given the received samples y as defined in (5),
the LMMSE estimated channel hˆLMMSE can be derived as
hˆLMMSE = GLMMSEy, (8)
with
GLMMSE =Σhh(XrFN )
H
×[(XrFN )Σhh(XrFN )H +ΣΨΨ +N0ID]−1WD, (9)
where Xr = diag(WDASdr), Σhh = E{hhH} = diag(p),
and ΣΨΨ = (FNΣhhFHN )(WDATT
HAHWHD ).
Proof. Let the channel estimator be G, and hˆ = Gy is the
estimated channel. Note that diag(WDAd) = Xr + Xd.
First, we derive the expected square error of channel estima-
tion E{‖h−Gy‖2} as
E{tr((h−Gy)(h−Gy)H)}
=tr(Σhh − E{hyHGH} − E{GyhH}+ E{GyyHGH})
= tr(Σhh)− tr(Σhh(WHDXrFN )HGH)
− tr(G(WHDXrFN )Σhh) + tr(G[WHD (XrFN )Σhh
×(XrFN )HWD + WHDΣΨΨWD +N0ID]GH). (10)
The Wirtinger derivatives of E{‖h − Gy‖2} with regard to
G∗ are obtained as [13]
∂ E{‖h−Gy‖2}
∂G∗
=−Σhh(XrFN )HWD + G[WHD (XrFN )Σhh
×(XrFN )HWD + WHDΣΨΨWD +N0ID]. (11)
To solve for the optimal estimator, we require the derivatives
to be zero and derive that
GLMMSE =Σhh(XrFN )
H
×[(XrFN )Σhh(XrFN )H + ΣΨΨ +N0ID]−1WD. (12)
A special case of Theorem 1 has been found in the pi-
lot design of the conventional LMMSE channel estimation
methods [7–9], where the matrices S and T are set to sat-
isfy [S T] = ID. In this case, this implies dp = dr and
P = ID.
3.2. Proposed Choice of Parameters
In order to reduce the impact of interference on the LMMSE
channel estimation for GFDM, the proposed method pre-
cancels the interference during pilot generation. We will
first pick up the appropriate frequency bins indexed as
I ⊂ {1, 2, ..., D} (illustrated as red circles and squares
shown in Fig. 2, and require that
[xf ]I = dr, (13)
where xf = WDx is the frequency-domain transmit sam-
ples. Then, the pilots will be generated according to the re-
quirement, leading to the effect of interference precancella-
tion in pilot design. Note that the channel can be exactly
reconstructed in the noiseless case only if both p ≥ N and
|I| ≥ p are satisfied.
To illustrate the proposed method, we will derive the cor-
responding S and T as follows. Define the two matrices
W1 = [WDAP]I,1:p and W2 = [WDAP]I,(p+1):D.
Based on the expressions (6) and (13), we require that
dr = W1dp + W2dd, and it can be derived that
dp = W
−1
1 (dr −W2dd). (14)
From (14), it can be observed that the pilot generation in the
proposed method exploits the information about P, dr, and
dd. The information about P and dr is fundamentally avail-
able at the transmitter, and the information about dd can be
fed into the transmitter before transmission.
Substituting (14) into dp in (6), we obtain
d = P1W
−1
1 (dr −W2dd) + P2dd. (15)
Finally, the corresponding S and T of the proposed method
can be expressed as
(S,T) = (P1W
−1
1 ,P2 −P1W−11 W2). (16)
Note that the expressions (14)-(16) exist if and only if the
index set I mentioned above is chosen such that the matrix
W1 is invertible. In the next section, we will choose I such
that the above condition satisfies.
4. SIMULATION
In this section, numerical results are presented to compare
the performances, in terms of mean square error (MSE) of
LMMSE channel estimation and symbol error rate (SER), of
the proposed method with those of the conventional meth-
ods [7–9] for two cases. Both the Dirichlet [14] and raised
cosine (RC) [1] filters are employed for GFDM channel esti-
mation. In addition, OFDM channel estimation is included in
the experiments for a comprehensive comparison.
4.1. Parameter Settings
The modulation is QPSK, the symbol energy is Es = 1, the
CP length is L = 16, and the roll-off factor of the RC fil-
ter is α = 0.9. Consider two cases (K,M) = (8, 128) and
(16, 64) for GFDM. For a fair comparison, the same block
size is used for OFDM. For each case, the channel length
is N = K (with channel order K − 1), the pilot vector
length is p = K, and the set of frequency bin indexes is
I = {1,M + 1, 2M + 1, ..., (K − 1)M + 1} with |I| = p.
We set K = {0, 1, ...,K − 1} and M = {0, 1, ...,M − 1},
i.e., all subcarriers and subsymbols are used. To evaluate the
performances, Monte Carlo simulation is adopted with ran-
domly generated channel realizations and independent data
sets for the realizations. We generate Nh = 100 spatially
uncorrelated Rayleigh-fading multipath channel realizations,
whose channel PDP p is exponential from 0 to -10 dB withN
taps, andNd = 100 independent data blocks for each channel
realization. Moreover, the genie-aided condition, where full
CSI is known, is included and considered as the performance
bound for the SER evaluation of all schemes.
4.2. Simulation Results
For the case (K,M) = (8, 128), the simulation results are
shown in Fig. 3, where we compare the proposed method
with conventional methods and OFDM in terms of MSE of
LMMSE channel estimation and SER, respectively. In Fig.
3(a), the MSE is calculated by averaging through the squares
of pairwise Euclidean norms between a channel realization
and its LMMSE estimated counterpart. According to Fig.
3(a), the proposed method significantly outperforms conven-
tional methods, especially at high SNR where the impact of
interference is much larger than that of noise, since the pro-
posed method precancels the effect of interference during pi-
lot generation.
When we interpret the SER performance presented in Fig.
3(b), it can be observed that the proposed method performs
comparably to conventional methods at low SNR, but outper-
forms conventional methods at high SNR. This is because the
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Fig. 4. Performance comparison for K = 16,M = 64
process of interference precancellation will increase the en-
ergy of pilot vector dp, which degrades the SER performance.
Note that the Dirichlet filter outperforms the RC filter, whose
transmitter matrix is not unitary when bothK andM are even
and leads to the SER performance degradation. In addition,
OFDM still performs the best among all schemes, with its
performance gap between the curves of LMMSE channel es-
timation and genie-aided scheme smaller than that of GFDM.
For the case (K,M) = (16, 64), the simulation results
demonstrate similar trends. Note that compared with the pre-
vious case, the MSE performance slightly deteriorates, while
the SER performance slightly improves.
5. CONCLUSION
In this paper, a pilot design framework for LMMSE channel
estimation of GFDM is formulated. In addition, we propose a
set of parameters for the framework such that the inherent in-
terference in GFDM can be precancelled during the pilot gen-
eration. To achieve this goal, we require the transmit samples
at selected frequency bins to have values equal to a fixed ref-
erence sequence, and the pilot vector with its corresponding
LMMSE channel estimator can be obtained. Simulation re-
sults demonstrate that the proposed method can achieve a sig-
nificant reduction of channel estimation MSE and high-SNR
SER, compared with the conventional methods.
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